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Abstract

Analysis of tabular data based on censuses or vital statistics concerning
demographic events such as births, deaths, marriages, divorce and migration can
be easily executed with log-linear methods. This paper shows how published
cross-classified data on divorce can be analyzed with the use of log-linear rate
modeling, which is a special case of the general log-linear model. While there
‘exists other introductions to this topic, they tend to be quite technical and
assume that readers are familiar with the rudiments and computational aspects of
this method. The main objective is to provide a rudimentary exposition of the
log-rate model and its application to demographic data analysis. The illustrative
analysis uses published vital statistics tabular data on divorces by duration of
marriage for the Canadian provinces and the territories for 1971, 1981, 1991,
and 1995.
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Résumé

L’analyse de données tabulaires issues de recensements ou de statistiques
démographiques (naissances, décés, mariages, divorces et migrations) s’exécute
aisément grace aux méthodes log-linéaires. Le présent article montre comment
les données de recoupement publiées sur le divorce se prétent & ce type de
modélisation et propose un exemple de modéle log-linéaire général. Bien qu’il
existe d’autres exposés sur le sujet, ils sont généralement ardus et s’adressent a
des lecteurs avertis. Le présent article, par contre, a pour objectif de présenter
les rudiments du modéle et son application & I’analyse des données
démographiques. L’exemple traite de données tabulaires publiées portant sur
les divorces d’aprés la durée du mariage dans les provinces et les territoires
canadiens pour 1971, 1981, 1991 et 1995.
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Introduction

The general log-linear model for frequencies (Feinberg 1977; Bishop, Feinberg
and Holland 1975) can be modified to model the expected rate of some event as
a function of predictor variables. The usefulness of this type of modeling for
demographic analysis is demonstrated in this research note with an application
to geographic differences in divorce in Canada between 1971and 1995, using
data from Vital Statistics publications'. Two illustrative examples are
developed.

Log-Linear and Log-Rate Models

Log-linear analysis encompasses a variety of related statistical techniques,
including general models of multi-way contingency tables, logit models, and
logistic regression (Rodgers 1995; Agresti 1990; Agresti and Finlay 1984;
Walsh 1987; Knoke and Burke 1980). Unlike linear regression, general log-
linear models do not always require a distinction between the independent and
dependent variables. In such models, the criterion to be analyzed is the expected
cell frequencies, Fyj’s under a fitted model.

Log-linear rate models (also referred to as log-rate models) require the

specification of a dependent variable, expressed as a rate; hence information on
those experiencing the event of interest (e.g. divorce) is related to the set of
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corresponding populations exposed to the risk of a given event (e.g. marriages).
Unlike the general log-linear model, the log-rate model specifies 'a dependent
variable that is presumed to depend on some set of explanatory factors. Table 1
shows computed log-frequencies and log of rates based on 1971 and 1995
information for divorces and marriages cross-classified by two regions and two
duration of marriage categories.>

Adoption of the log-rate model implies asking the question: “What is the
expected rate of divorce given the set of predictor variables?”® The saturated
log-frequency model can be expressed as:

log(Fijk) = A + /'tl-A + /lf + Z,i + ),;B + /l;i,c + /13%? + ,l;fc

As indicated, the predicted log frequency cell values (log(Fii)) are expressed as
a function of an average effect A, plus the main effects of predictor variables A,
B, C, and their interactions. Similarly, the log-rate equation,

log(Fijk/Fijk) = & + 5,’-4 + Sf + 5f + 5;3 + 5?}0 + 5,-7?6 + 6;/,36

states the logarithm of the expected rate of divorce, is a function of an average
effect 0 , main effects of A, B, and C (5, SjB ,and &,°) and their interactions
(6%, 8;%,8,"° and 8;**°). The parameters in this model measure the extent to
which a term adds to, or subtracts from log (Fiu/Ni), when each of the
respective variables are set at leve] 1.

Application of the log-rate model is appropriate when the event of interest for
analysis is statistically rare and its rate is small (below .10). An appropriate
underlying distribution in such cases is the Poisson (Agresti, 1990; Clogg and
Eliason, 1987). Laird and Olivier (1981) have shown that Poisson regression
models can be analyzed with log-linear techniques (i.e. log-rate modeling) using
Maximum Likelihood to estimate parameters.*

Illustrative Analysis

The illustrative analysis proceeds in two steps: first, log-frequency and log-rate
models are fitted to a 2 x 2 x 2 table in order to demonstrate how parameters for
the saturated model are computed; and secondly, the focus shifts to a larger
version of this table, to provide a realistic example of log-rate modeling. The
data for both analyses were taken from Vital Statistics publications (Statistics
Canada 1995a, 1995b, 1991a, 1991b, 1981, 1971). Table 2 shows calculated
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Table 1
Divorce Data by Year, Region and Duration of Marriage
for Canada: 1971 and 1995

Region Duration of Marriage
1971 1995

Region 1 <10 10+ <10 10+
Divorced 6943 11874 24382 29468
Marriages 1166519 2533221 1175428 3702440
Rate 0.005952 0.004687 0.020743 0.007959
log (freq) 8.845489 9.382106 10.1016 10.29106
log(rate) -5.1241 -5.3629 -3.87554 -4.83344
Region 2

Divorced 4920 5923 11292 11609
Marriages 432803 966066 564701 1487965
Rate 0.011368 0.006131 0.019996 0.007802
log(freq) 8.501064 8.501064 9.33185 9.359536
log(rate) -4.47697 -5.09439 -3.9122 -4.85338

by Region and Duration of Marriage for Canada: 1971 and 1995

Duration of

Marriage Region 1 Region 2

Duration = <10

Divorce 31325 16212
Marriages 2341947 997504
Rate 0.013376 0.016253
log(freq) 10.35217 9.693507
log(rate) -4.31432 -4.1195
Duration = 10+

Divorce 41342 17532
Marriages 6235661 2454031
Rate 0.00663 0.007144
log(freq) 10.62963 9.771783
log(rate) -5.01616 -4.94146
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Table 1 (Continued)
by Year and Duration of Marriage for Canada: 1971 and 1995
Duration of
Marriage 1971 1995

Duration =< 10

Divorce 11863 35674
Marriages 1599322 1740129
Rate 0.007418 0.020501
log(freq) 9.38118 10.48218
log(rate) -4.90391 -3.88729
Duration-=10+ 1971 1995
Divorce 17797 41077
Marriages 3499287 5190405
Rate 0.005086 0.007914
log(freq) 9.786785 10.6232
log(rate) -5.28128 -4.83912

by Year and Region for Canada: 1971 and 1995

Region 1971 1995

Region 1

Divorce 18817 53850
Marriages 3699740 4877868
Rate 0.005086 0.01104
log(freq) 9.842516 10.89396
log(rate) -5.28126 -4.50626
Region 2

Divorce 10843 22901
Marriages 1398869 2052666
Rate. 0.007751 0.011157
log(freq) 9.291275 10.03894
log(rate) -4.8599 -4.49571
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Table 2
Log-Frequency and Log-Rate Models Applied to the Data in Table 1
Saturated Saturated Log:

Parameter Value Log-Frequency Rate
Average 9.3124 -4.6916
Year 1971 -0.4586 -0.323
Year 1995 0.4586 0.323
Region 1 0.3427 -0.1074
Region 2 -0.3427 0.1074
Duration <10 -0.1174 0.3444
Duration 10+ 0.1174 -0.3444
Year1971 x Regionl -0.0827 -0.1215
Year 1995 x Region2 0.0827 0.1215
Year 1971 x
Duration <10 -0.0631 -0.1304
Year 1995 x
Duration 10+ 0.0631 0.1304
Regionl x
Duration <10 -0.0641 -0.0452
Region2 x
Duration 10+ 0.0641 0.0452
Year 1971 x Regionl
x Duration <10 -0.0237 -0.0494
Year 1995 x Region2
x Duration 10+ 0.0237 0.0494

Note: All parameters from each model had Z-values greater than 1.96
and are therefore statistically significant.
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parameters for log-frequency and log-rate saturated models (refer to appendix
for a detailed presentation of these computations). Unlike the log-frequency
model, the log-rate model accounts for the population at risk as the denominator
(yearly marriage cohorts). For example, the parameter log-frequency value for
Region 1 is .3427; once the population at risk is accounted for in the log-rate
model, the parameter changes to -.1074, indicating that Region 1 has a lower
probability of divorcing, given those exposed to the risk of marital dissolution.

Below, the analysis is based on provincial/territorial differences in duration of
marriage during four points in time: 1971, 1981, 1991 and 1995. Here, duration

of marriage consists of 15 levels (0, 1, 2, 3,4, 5, 6, 7, 8,9, 10-14, 15-19, 20-24,
25-29, 30+ years); and province/territory has 12 categories (Newfoundland,
Prince Edward Island, New Brunswick, Nova Scotia, Quebec, Ontario,
Manitoba, Saskatchewan, Alberta, British Columbia, Yukon, and Northwest
Territories). The population_at risk.of divorce are the yearly marriage .cohorts

corresponding to each category of marital duration across province/region and
time period. Thus for those divorces which had a duration of zero in a given
year i, in which divorces were contracted, the corresponding marriage cohort is
those couples that married in the same year i (where i is the current calendar
year in which divorce took place); and for duration 1, the appropriate marital
cohort would be the marriages contracted in year i-1. Furthermore, divorces
contracted in year i of duration 2 are assumed to have originated within the
marriages that took place in year i-2, and so forth. One of the fitted models in
this analysis is,

log(Fijk/Fijk) = & + 5iY + 5}3 + 51? + Egp + é'iiD + EﬁcD

with constraints

Y P _ D _ YP _5sYD _ v sPD _

where:

Fic = the expected number of divorces in year i, province/territory j, and
duration of marriage k;

Nijix = the number of marriages associated with duration k.
8 = the constant term (the average of log of expected divorce rates);’

& = parameters for year (1=1971, 2 = 1981, 3= 1991, 4 =1995);
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5;” = parameters for province/territory (1=Newfoundland, 2 = Prince
Edward Island, 3 = Nova Scotia, 4 = New Brunswick, 5 = Quebec,
6 = Ontario, 7 = Manitoba, 8 = Saskatchewan, 9 = Alberta, 10 =
British Columbia, 11= Yukon, 12 = Northwest Territories);

SkD = parameters for marriage duration category (0=0, 1=1, 2=2,...10=9,
11=10-14,...,14=25-29, and 15=30+);

8,;,-’ P = parameters for the interaction of year and province;

8P = parameters for the interaction of year and duration;

8P = parameters for the interaction of duration and province.

Unlike the log-linear frequency model, the dependent variable in this case is the
logarithm of a rate, log(Fi/Ny). Note that the populations at risk Ny are not
estimated by this model; rather they serve as cell-specific offsets, used to
generate parameter values in the Maximum Likelihood procedures (Agresti,
1990; Clogg and Eliason, 1987; Laird and Olivier, 1981). Although Maximum
Likelihood Estimates (MLE) of log-rate parameters can be computed with a
number of programs, in the present case SPSS LOGLINEAR was used.

Assessing Goodness of Fit

The goodness of fit of alternate models can be assessed on the basis of the fact
that log-linear models are nested; that is, selecting a parsimonious model that
also provides a good fit to the data can begin with the saturated model, and then
proceeding to less complicated ones, given that every model fitted is a subset of
a larger and more complex model. A saturated model would include in the
equation the three way interaction term, 8y, A less complicated model would
include only the two-way interactions while leaving out the three-way term.

The main effects model is even less complicated: 3§ + 5+ 8P +82. A model
containing only the intercept assumes that the probability of dlvorce is uniform
across all i-j-k intersections.®

The goodness of fit of models can be evaluated using the Likelihood Ratio Chi-
square Statistic (L?). If the difference in L? between a simpler model and a more
complex one is statistically significant under the Chi-Square distribution, then
we would choose the more complex model. If the difference is not statistically
significant, the simpler model would be chosen since both would be essentially
equivalent. A good-fitting log-linear model is one that produces a minimum
difference between observed and expected cell frequencies. When this
difference is small, the Log-Likelihood Chi-square statistic L? will be
statistically insignificant under the Chi-Square probability distribution. The
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drawback of L 2 is that it is proportional to the size of the cell values in a table.
Therefore, with large cell frequencies, L? values will seldom be insignificant. In
such cases, model selection can be evaluated by employing the R? analog: 1-
(Ln2/Ly2), where Ly, = L*for an alternative model, L,” = L’ for the baseline
model.

Table 3 presents models fitted to the divorce data, their respective L% values,
degrees of freedom, and R? analog. The baseline (equiprobability) model gives
a poor fit to the data with an L2 value of 136459.08. Therefore, the hypothesis
that all duration-specific divorce rates are equally likely in all provinces for all
four time periods can be rejected. Models 2, 3 and 4 account for 9.47%, 8.30%
and 75.39% of the variation in divorce rates, suggesting that divorce is strongly
related to marital duration and weakly related to province/territory.

The significance of interaction effects can be discerned by contrasting the fit of
a model that includes a given interaction term with one that excludes it. From
the comparisons of the main effects model (model 5) and the more complex
ones (i.e., 6, 7 and 8) the equation containing the interaction of province with
year (model 6) produces the highest R%analog value (95.20%). Comparing
model 6 to the next set of more complex ones (9, 10, and 11) model 9 shows the
largest improvement in R? (97.97%), suggesting model 9 gives a very good fit to
the data. From this, it appears that the probability of divorce by
province/territory has changed significantly over time and the effects of duration
on divorce also vary over time. The very slight improvement in the R? for
model 8 indicates that the effects of duration on divorce do not vary
significantly by province. Model 12 includes the interaction of duration with
province, but adding this interaction would not significantly improve the fit.
Model 9 is the accepted model.

Table 4 presents the MLE parameters derived from model 9 in Table 3.7 The
independent variables were deviation coded, whereby the reference category of
each predictor was coded as —1; thus, parameter values for the reference
categories are the negative sum of the estimated parameters for a particular
variable. For example, in Table 4, the effect for 1995 time period on divorce
risk is the negative sum of parameters for 1971, 1981 and 1991 (=.3493). As
mentioned earlier, the parameters in the log-rate equation indicate how much a
given covariate adds to or subtracts from the overall expected divorce rate. The
exponent of parameter values derives the extent to which each term multiplies
the overall expected divorce rate.

The main effects of province/territory show that five of the twelve geographic
areas are associated with increased risks (Quebec, Ontario, Alberta, BC and
Yukon), while the remaining areas show reduced effects on divorce. The table
also shows that the distribution of divorce follows a curvilinear pattern across
duration of marriage, with the risk being lowest in the first two years of
marriage and highest at durations 4 and 5.8
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Table 4
Maximum Likelihood Parameter Estimates for Year, Province
and Duration Effect for Canada (Model 9 in Table 3)

Predictor . MLE A

e?.
1971 -0.6316 -30.06 0.5317
1981 0.1191 7.65 1.1263
1991 0.1633 10.57 1.1774
1995 (R) 0.3491 NA 1.4178
Province
--Newfoundland - - 0.7042. 28:01 e (0:4945
Prince Edward Island -0.3838 -9.56 0.6813
Nova Scotia -0.0706 -4.72 0.9318
New Brunswick -0.3004 -17.43 0.7405
Quebec 0.1780 17.76 1.1948
Ontario 0.1755 18.22 1.1918
Manitoba -0.0361 -2.69 0.9646
Saskatchewan -0.2171 -14.65 0.8048
Alberta 0.4217 39.13 1.5245
British Columbia 0.4771 45.77 1.6113
Yukon 0.4525 8.06 1.5722
Northwest Territories(R) 0.0075 NA 1.0075
Duration
0 -2.5630 -58.68 0.0771
1 <0.5095 -32.09 0.6008
2 0.2939 26.23 1.3417
3 0.5692 57.21 1.7668
4 0.7448 81.61 2.1059
5 0.7624 84.34 2.1435
6 0.7075 76.56 2.0289
7 0.6443 67.48 1.9047
8 0.6015 ) 61.82 1.8249
9 0.5121 50.24 1.6689
10-14 0.3067 50.67 1.3589
15-19 0.0023 0.34 1.0023
20-24 -0.2242 -30.49 0.7991
25-29 -0.5879 -67.01 0.5555
30+(R) -1.2599 NA 0.2837
A -4.7834 0.00837

Note: Likelihood Ratio 2 = 2769.28; DF = 616; R*, = 97.97%; Z values below 2.00 are

considered statistically insignificant. (R) indicates omitted category.
NA - not computed.
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Figure 1 shows the estimated provincial/territory divorce rates for 1971 and
1995. The rates for each province/territory are higher in 1995 than in 1971,
particularly in the cases of Newfoundland and the Yukon territories. PEI,
Quebec, Ontario, Alberta and BC also show notable increases. The 1995 year
effect was .3491 and applies to all provinces and territories. The interaction
effect ‘province by year’ is also taken into account when calculating the
predicted rates. The magnitude of its positive effect is greatest for
Newfoundland and the Yukon territory (.99330 and .77039 respectively). In
contrast, New Brunswick shows a decline in 1995 due to the negative interaction
effect of .8§7393.

Conclusion

Log-rate models are particularly useful in studying social demographic
phenomena such as births, deaths, marriages, divorces, and migration that are
assumed to be Poisson distributed. As demonstrated in this study, an important
feature of the log-rate method is that it can be readily applied to published cross-
tabular data. Although not elaborated in the present work, the log-rate method
can also be simplified by transforming, where appropriate, categorical predictors
into linear covariates. This would reduce the number of parameters to be
estimated. For example, in the preceding analysis, duration of marriage had 15
categories (and therefore 14 parameters were estimated); linear transformation
would reduce the number of parameters to one. One may also include in the
log-rate model “external” linear covariates, taken from other relevant cross-
classifications. For instance, in the present analysis one could append to the
data matrix province-period specific linear covariates thought to be important in
the explanation of geographic differentials in divorce (e.g. female labour force
participation rate, male unemployment rate, in-migration rate, etc.).

Log-rate models are linked to survival models. Laird and Olivier (1981)
specified this important link. They developed a piecewise exponential survival
model based on the same assumptions and procedures associated with the
log-linear Poisson model (i.e. log-rate model), that yielded parameter
estimates analogous to Cox’s (1972) proportional hazards.” Further extensions
of the log-rate model have been presented. Larson (1984) developed a
piecewise exponential Poisson model for independent competing risks (e.g.
multiple causes of death), and Vermunt (1996) provides a comprehensive
overview of the log-rate model and its variants in the context of event history
analysis. One area worthy of further exploration is the possible incorporation of
log-rate models of demographic rates (e.g. death rate, fertility rate, divorce rate,
etc.) in the context of multilevel analysis (Bryk and Raudenbush, 1992;
Goldstein, 1995).
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Endnotes:

1.

Studies of divorce differentials have relied on the application of various
statistical techniques, including OLS regression (Breault and Kposowa
1980; Cherlin 1977; Trent and South 1989), as well as methods suited to the
analysis of dichotomous dependent variables, such as proportional hazards
models, probit and logit regression (Waite and Lillard 1991; South and
Spitze 1986; Teachman 1982). For the most part, these statistical methods
have been applied to micro level survey data drawn from sample surveys.

For this part of the study Region 1 includes Ontario, Quebec and the
Maritimes, while the Region 2 includes Manitoba, Saskatchewan, Alberta,
BC and the Territories.

Logit models can also be used to analyze the relationship between a
dichotomous dependent variable and independent variables. The dependent
variable is expressed in terms of the log odds ratio, defined as the
proportion of the number of cases in one category to the number of cases in
another category. Adoption of the logit model is predicated on the question
for analysis being “What are the odds of divorce given a set of predictor
variables?”’

In situations involving large sample cases, and where the probability of
occurrence of the event of interest is small relative to the population at risk,
the expected distribution of the event is Poisson which also assumes that
observations are independent random events with equal mean and variance.
A random discrete event has a Poisson distribution if its probability
distribution is given by:

X =X

Pl ) =

forx =0, 1, 2...
A

Clogg and Eliason (1987) note that when the rate of some event, 7 is small,
the corresponding odds of some event @ approximate almost perfectly 7.
For example, if © = .05, then (= .0526; if 7 = .08, then @)= .0869. If
however, > .10, then @ is no longer approximately equal to 7.
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Schoen (1970) has demonstrated that the geometric mean is actually a
standardized measure of risk, thus disregarding the need for conventional
standardization procedures as in the case of direct standardization of rates to
remove confounding effects of age composmon or some other
compositional effect(s). '

A model worth considering is In(Fj) = & + S1a(Nijk) to test whethef the
‘effects of the denominators on the log-frequency are statistically significant.
_An insignificant effect would dictate reverting to the simpler. log-frequency
model.

Inclusion of the two-way interactions, “Province x Year”, and “Duration x
Year” into the model tests the hypothesis that the effects of province and
duration on.divorce risk remain constant across-time-periods—(Table
available on request).

Duration still has a positive effect on divorce after 5 years of marriage,
although the magnitude of its effect declines until reaching durations 20
and beyond, where the effects become negative. The duration effects on
divorce also follow this general pattern across the three time periods.
Duration did not vary significantly across province/territory. (Table
available upon request).

Laird and Olivier (1981) divide the time axis into 7 mutually exclusive and
exhaustive intervals, Q, €, with a constant hazard function (%;)within
each interval, A(t, X) = he*™® for t € Q. As i becomes larger, each interval
length also becomes arbitrarily small, resulting in a non-parametric model,
yielding an estimate of B equivalent to Cox’s (1972) estimate. A log-linear
hazard function can be written with duration representing the time axis,
such that: In 4(t, X) =In h;, + X" B, r € Q; where X is represented by
categorical covariates and B is a vector of unknown parameters denoting
the effect of covariates.
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Appendix
Computation of Parameters for the Log-Frequency
and Log-Rate Saturated Models

The computations in Table 1 are described in this Appendix. Each cell in the
three-way table is denoted by an appropriate combination of subscripts, the first
representing year, the second region, and the third marital duration. To
illustrate, freqyy; in the log-frequency model symbolizes the frequency count in
the intersection of Year 1971, Regionl and Duration of Marriage <10; and
rateyy, in the log-rate model represents the corresponding rate for this
intersection.

Log-frequency

A= log(freq ;) + log (frequz) + log(frequar) + log (freqian)

+ log(freqan) + log(freqaiz) + log(freqsa:) + log(freqaa)/re
(wherer =rows, ¢ = columns; in this case rc = 2x2x2=8.

= [log(6943) + log(11874) + log(4920) + log(5923) + log(24382)

+ log(11292) + log(29468) + log(11609)]/8 = [8.845489

+9.382106 + 8.501064 + 8.6865984 + 10.1016

+9.33185 + 10.29106 + 9.3595361/8

= 93124

APTY = [log(freqir;) + log (frequiz) + log(frequa) + log (frequz2)]/4
— A =[8.845489 +9.382106 + 8.501064
+ 8.68659841/4 - 9.3124
=.0.4586

APS =0.4586
AReson L = rlog(freq; ;) + log(freqir) + log(freqanr) + log(freqziz)}/4
— A =[8.845489 +9.382106 + 10.1016 + 10.29106)/4
-93124
=(0.3427
ARegion2 = _ 09,3427
ADuedon<l0 = [log(freq 1) + log(freqiar) + log(freqai) + log(freqn)l/4
— A= [8.845489 + 8.501064 + 10.1016
+9.33185]/4-9.3124
=.0.1174
}\’Dumtion 10+ _ 0.1 174
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Appendix (continued)

AT xRegionl = loo(freq ;) + log(frequiz)l/2 — [(log(freqin)
+ log(freqiiz) + log(freqi;) + log(freqiz,)1/4
— [(log(freq:n1) + log(freqi12) + log(fredais)
+ log(frequa)l/4 + A = [ 8.845489 +9.382106)/2
—[8.845489 +9.382106 + 8.501064
+ 8.6865984]/4 —[8.845489 + 9.382106 + 10.1016
+10.29106]/4
+ 9.3124
=.0.0827

21995 xRegion2 g go

D77 x Pemton<I0. = [log(frequy) + log (frequa1)}/2 — [log(frequir)
+log(frequiz) + log(frequz) + log(freqiz))/4
—[(log(freqi11) + log(frequiz) + log(freq211) '
-+ log(freq212)]/4 +A

— [8.845489 + 8.501064]/2 — [8.845489

+9.382106 + 8.501064 + 8.6865984]/4
—[8.845489 + 8.501064 + 10.1016 + 9.33185]/4
+ 9.3124
=-0.0631

}\11995 x Duration 10+ _ 0.0631

pRegion 1 x Duntion <10 — [1o(freq; ;) + log(freqa11))/2 — [log(frequr)
+ log(freqiz) + log(freqanr) + log(freqain)]/4
~ [(log(frequ1) + log(freqsas) + log(freqair)
+ log(freqz1)1/4 + A
= [8.845489 + 10.1016]/2 — [8.8435489
+9.382106 +10.1016 + 10.29106]/4
—[8.845489 + 8.501064 + 10.1016
+9.33185}/4 + 9.3124
=-0.0641

}\’Region 2 x Duration 10+ =0.0641

7»1971 x Region 1 x Duration <10

= log(freqi1y) — [A + A + AR+ AP + AR+ ARP + A 1P
= 8.845489 —[9.3124 + -0.4586 + 0.3427 +-0.1174
+-0.0827 +-0.0631 + -0.0641]

=.0.0237

7»1995 x Region 2 x Duration 10+ __ 0.0237
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Appendix (continued)
Log-rate
§ = log(rate1;) + log(rate;;s) + log(rate;a;) + log(rate;n)

+ log(rateyy) + log(rate,;;) + log(ratesz;) + log(ratessz)/re
(where r =rows, ¢ = columns; in this case rc = 2x2x2=8.

= [log(6943/1166519) + log(11874/2533221)

+ 10g(4920/432803) + log(5923/966066)

+ log(24382/1175428) + log(11292/564701)

+ 10g(29468/3702440) + log(11609/1487965)1/8

= [-5.1241 +-5.3629 + -4.47697 + -5.09439

+-3.87554 +-3.9122 + -4.83344 + -4.85338]/8

= -4.6916
87 17 = [(log(rate;1;) + log(rate; 12) + log(rateyz;) + log(rater;)]/4
-8=[-5.12405 + -5.3629 + -4.47697 + -5.09439]/4
—-4.6916
=-0.3230

§Yer19% = 0,3230

dResion 1 = [(log(rate ;) + log(rate;2) + log(ratey ;) + log(rate;2)]/4
~ 8 =[-5.12405 +-5.3629 + -3.87554 +-4.83344]/4
—-4.691609
=-0.1074

dReEn2 =0 1074

8Duration <10 — [1 0 ;
g(rate;;;) + log(rates;) + log(ratey ;)

+ log(rateqs;)]/4 — &

= [-5.12405 + -4.47697 + -3.87554 + -3.9122)/4

- -4.691609

=0.3444

5 Duration 10+  _ -3444

§1971 *+ Region | = [log(rate ;) + log(rate;2)]/2 — [(log(rateyir)
+ Iog(ratem) + log(ratem) + log(ratelzz)]/4
— [(log(ratey 1)+ log(rateyyz) + log(rates;;)
+ log(ratey;5)]/4 + &
=[-5.12405 + -5.3629]/2 - [-5.12405
+-5.3629 + -4,47697 + -5.09439]/4
—[-5.12405 + -5.3629 + -3.87554 + -4.83344]/4
+-4.691609
=-0.1215
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Appendix (continued)
§1995 xRegion2 () 1915

§IO7 ¥ Durton <10 = [log(rate; ;) + log(ratesz)]/2 — [log(rate, )

+ log(rate)13) + log(ratey,) + log(rate,))/4

— [log(rate;;) + log(rate s;) + log(rate,;;)

+ log(rate,)]/4 + &

=[-5.12405 + -4.47697]/2 - [-5.12405
+-5.3629 +-4.47697 + -5.09439]/4

—[-5.12405 + -4.47697 + -3.87554 + -3.9122]/4
+-4.691609

=-0.1304

81995,7‘ Duration 10+ _ 0.1304

ghegion 1 x Dumion <10 — [160(ratey ;) + log(rateyy;)]/2 — [log(raterr,)
+ log(ratey,) + log(rate,;) + log(rate;;5))/4
— (log(rate;;;)+ log(ratep;) + log(rate; )
+ log(ratez:))/4 + & = [-5.12405 + -3.87554]/2
—~[-5.12405 + -5.3629 + =3.87554+ -4.83344)/4
—[-5.12405 + -4.47697 +-3.87554 + -3.9122]/4
+-4.691609
=-0.0452

& Region2 x Duration 10+ _ 0.0452

6]97] x Region 1 x Duration <10

= log(rate;;)/1 — [8 + 8" + 8%+ 87+ 8%+ 570+ §'7)
=-5.12405 — [-4.691609+ -2.50686 + -0.10072 + -2.09729
+-5.12945 + -4.23506 + -8.59002]

=-0.0494

81995 x Region 2 x Duration 10+ = 0.0494
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