Canadian Studies in Population, Vol. 13 (2), 1986, pp. 167-180

A PROBABILITY MODEL FOR INTERIOR BIRTH
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Résumé — Un modele de probabilité pour les intervalles génésiques intérieurs et ses
applications. Nous proposons un modele pour décrire es données selon les inter-
valles génésiques pour une certaine durée de mariage ou entre duex dates d’en-
quéte. Ces intervalles s’appellent intervalles génésiques intérieurs, et les modzles
different de ceux utilisés pour les intervalles fermés. Nous suggérons une procé-
dure pour déterminer les estimations de probabilit€ maximum, et le modgle est
appliqué a trois séries de données.

Abstract — A model has been proposed to describe the data on birth intervals that lie
entirely within a segment of marriage duration or between two survey dates. Such
intervals are termed as interior birth intervals, and these models are different to
those of the usual closed intervals. A procedure to find out maximum likelihood
estimates is outlined and the proposed model has been applied to three sets of data.

Key Words — interior birth interval, marriage duration, maximum likelihood es-
timate, risk of conception
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Introduction

Construction of analytical models for birth intervals is receiving increas-
ing attention because of their relationship with population birth rate.
Demographers have analyzed birth intervals in order to study fertility differen-
tials across different populations to estimate biological parameters of reproduc-
tion such as fecundity and incidence of foetal wastages, and to develop sensitive
indices for measuring changes in fertility (see Chakrabarty, 1976; D’Souza,
1973; George, 1967; George and Mathai, 1975; Srinivasan, 1966;) A large
number of surveys, especially fertility surveys, conducted in various parts of
the world have collected information on the fertility histories of women.
However, the study of birth intervals is possible only if relatively accurate
dates of marriage and successive births are available. It has been pointed out
that retrospective information relating to past events is subject to memory lapses
and other sources of bias that often depend on the recall period (Singh et al.,
1979; Som, 1973). Thus, information on birth intervals collected through
retrospective surveys, relating to births that occurred in the recent past, or
through prospective surveys may be reliable. A number of probability models,
dealing with straddling, forward and interior birth intervals, have been pro-
posed by Menken and Sheps (1972); Poole (1971); Sheps et al., (1970); and
Singh et al. (1978).

The present paper is concerned with the formulation of a model for the
interior birth interval, which is a closed birth interval lying entirely within
a given segment of marriage duration. It may also lie between two survey dates,
for instance, in a prospective enquiry starting at time ¢; and continued until
t5, the observed closed birth intervals during the time period (¢;,7,) of length
T = tyt; are called prospective interior birth intervals. Obviously such in-
tervals have a distribution different from those of the usual closed birth intervals.

Model

Let Ty, Typ+T;, Ty+T;+T,, ... be the time of recording successive births
to a married woman since a given time ¢;, where T}, is the time of first record-
ing, since ¢; and T} is the time between the i and (i+1)" recording. Sup-
pose a woman of a given marital duration is observed between time points
t; and ¢, (t;<t,) and the time of occurrences of successive live births are
recorded. The interval between i and (i+1)™ recording (= 1), occurring in
aftime period (t;,t,), say X; (t,t5), is defined here as interior birth interval
of order i.
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Perrin and Sheps (1964) have considered human reproduction as a Marko-
vian renewal process and shown that it attains equilibrium about four to five
years after marriage. Thus, if 7; is the distant point since marriage, and if we
assume that the parameters of reproduction are constant in the recent past pri-
or to #;, the process may be assumed to be an equilibrium process at time z;.
Further, let us assume that the parameters do not change after z;. Now, un-
der these assumptions: (i) a constant risk of conception, m, (ii) one-to-one cor-
respondence between a conception and a live birth, and (iii) a constant period
of nonsusceptibility denoted by £, associated with each conception, the prob-
ability density function (p.d.f.) of the random variable X;(t;,,), sayg;(t/h),
becomes (see Appendix part I):

m em-h) i-1
git/h) = [mh + 22 A {s+1, m (T-t-ih)}
1+ mh §=0
i-2 _ '
— 22 A {s+1, m(T-ti-1 B)} ] /F*% (T/h) h<t<T—ih
s=0
¢y
m emi-h) 2
= ——— [mTti-1 h) - >
1+ mh ‘ §=0
A {s+1, m(T-ti-1 h)} ]/ F* (T/h) T-ih<t<T--1 h
@)
i-2 _
where the term > 2 A(s+1, m(T-t-i-1 h)) in expressions 1 and 2 does not
s=0

appear when i = I,

n-1 ¢
Am,e) = 1-e¢ 20 —
j=0 j!
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and F*;  ;(t/h) is the distribution function of the time of (i+1 ) recording and
is given by

-1
Ft @) = (1/(1+mh)) [m(ih - S5 A (s+1, m-i)],

S=0

ih<t<i+1h

{1/(1+mh)} [mh+ i A {s+1, t-i+1 h) m}
s=0

j-1
l A {s+1, m(t-ih)}] t>i+1 h 3)
S=0

If the women consist of g distinct groups, with respect to the period of
nonsusceptibility, 4, and p; are their proportions in the Ith group with

q
h=h(=12,...,)),0<p < 1and 27 p; = 1, the p.d.f. of X;(t;,1)) is
=1
q
IZIZ Py F¥1; (T)g (/)
gt =

=1

Estimation

Distribution 4 involves 2q parameters namely m; p;, pa, ..., Pgrs hy, hy,

-1 and k. Assuming that h takes only two values, #; and &,, with respec-

t1ve probablhtles pyand py, 0<h;<hy, 0<p;<lI, p;+p, = I, the p.d.f. of

X;(t;,t,) involves four parameters: m, p;, h; and h,. Here, for g = 2, we have

outlined a procedure to obtain maximum likelihood (m.l.) estimates of the

parameters m and p; and their variance — covariance matrix for known values

of h; and . The method can be extended on similar lines when £ takes more
than two values.
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If the sample size is large, the observations are often grouped. Here, we
present a procedure to obtain m.l. estimates, if the observations are grouped.
Let the range of the length of the ith order interior interval be partitioned into
kintervals: a; or less, (a J,aZ] , (@ I,af] -» (@121 > greater than a;_;,
where a;>h; and a5 ; <T-i- h1

Let Pz, ,J = 1,2,... .k, be the probability that X;(t;,2,) belongs to /1 inter-
val. Further in a random sample of size n, let n; be the number of women

k
falhng in 1 interval, > n; = n. The number of women classified in this
j=1
manner follows a multinomial distribution given by

k
L(ng,ny,...,m) = n! 1__[ (Pli/nj)

Since P; i ’s are functions of m, p;, h; and &,, the m.1. estimates of /7 and
p; of m and p; for known h; and h, are solutions of two simultaneous
equations:

dlog L k no oP; ;
= 22 =0 )

om j=1 P;; om

dlog L k n; aPl-,j
= 23 = 0 6)

Since the explicit solution of the equations 5 and 6 is not possible, the scoring
method (Rao, 1952) can be used to obtain m.l. estimates of the parameters.
The variance-covariance matrix of the estimators is given by the inverse of
the information matrix.

The pilot values of the parameters, which are required for the scoring
method, can be obtained by equating the first two sample moments of the ob-
served distribution to their respective theoretical expressions (see Appendix
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part I). The equations can be solved by the Newton-Raphson iteration
procedure. .

For p;=1 the m.1. estimate of m, for known h, can be obtained by solv-
ing equation 5. In this case, P; /s are obtained from the expressions A6 to
A8 in the appendix by substituting p; = I and ; = h. The variance of the
m.l. estimator of m is given by the expression

k 6Pi,j
Im =2 ( — )2
i=1 om
Application

For the purpose of illustration, we have used the data on interior intervals
from “Rural Development and Population Growth — A Sample Survey 1978~
conducted under the auspices of the Centre of Population Studies, Banaras
Hindu University, Varanasi, India. In accordance with the objectives of the
survey, a stratified random sample of 19 villages was selected from Varanasi
Tehsil and adjoining areas. This investigation consisted of a baseline survey,
with the reference date March 25, 1978 and six rounds of prospective sur-
veys, conducted during the period April, 1978 to March, 1981. The baseline
survey included all 3,514 households from the sample villages. Besides other
information, the baseline survey included the detailed fertility record of each
married woman below 50 years of age. This record was updated in each round
of prospective survey. Bhattacharya and Singh (1983) carried out the life ta-
ble analysis of the birth interval data from the above survey and found that
the average length of various orders of interlive birth intervals were between
36 and 45 months. Thus, the number of women with at least one interior in-
terval lying in the three years starting from the reference date of the baseline
survey and the final round of the prospective survey was small. In order to
have an adequate number of women with such intervals, we have taken the
intervals lying between April, 1975 and March, 1981. The married women
enumerated and having an uninterrupted married life until the reference date
of the final round of the prospective survey were considered. Further, the wom-
en having a marital duration shorter than five years in April, 1975, were ex-
cluded because of the assumption in the model that the start of the observational
period is the distant point since marriage. In this case, T=6 years.

In the present survey, 1,022 and 293 women had experienced two or more
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and three or more births respectively between April, 1975 and March, 1981.
For homogeneity in fertility characteristics, these women were classified into
four groups, on the basis of their marital duration as of 1975. The groups I,
II, 11T and IV relate to women with marital durations of 5-10, 10-15, 15-20
and 20 and more years, respectively. The women with marital durations of
20 or more years are not taken into account due to the paucity of an adequate
number of observations. Furthermore, to have a sufficient number of obser-
vations in each of the first three groups, the data on distribution of the length
of first order interior birth intervals of women with two or more births have
been considered and are given in Table 1.

The nonsusceptible period %’ is the sum of the gestation period and the
period of postpartum amenorrhoea (PPA). The gestation period associated with
a birth is almost constant at about nine months, whereas PPA may vary among
women. In the “Demographic Survey of Varanasi (Rural) 1969,” conducted
by the Centre of Population Smudies, Banaras Hindu University, the average
duration of PPA associated with a live birth was found to be nine months (0.75
years). Further, the nature of distribution of PPA was bimodal, the first and
the second peaks occurring at 0-4 and 10-14 months respectively (Singh and
Bhaduri, 1971), thus indicating that the population consisted perhiaps of two
groups in respect to PPA — one with a low average duration of PPA and the
other with high average. Therefore, keeping in view that the present survey
is conducted in that same locality, in the application of the distribution X, (¢;,%,),
which is based on the assumption that the duration of nonsusceptibility associat-
ed with live birth is constant, # may be taken to be 1.5 years. Similarly, for
the distribution X; (t;,¢,), where the population is heterogeneous with respect
to PPA, it can be reasonably assumed that h takes only two values z;=1.00
years and h,=1.75 years, with respective probabilities p; and 1-p;. The ob-
served and expected frequencies for each set of data are given in Table 1. The
estimates of parameters and their estimated variances and covariances are also
given in Table 1.

The distribution which assumes #; to be the same for all women fails to
explain the observed frequency in the first cell.

The computed values of chi-square under the model with variable 4, are
insignificant for all three sets of data. It should be noted that the computed
values of chi-square for constant 4 are considerably larger than those for vari-
able k. This is also in agreement with the observation of PPA that the female
population consists of two groups: one with a low average value of PPA of
about 0.25 years and the other with a high average of about 1.00 years. The
proportion of women with a low value of PPA constitutes about 30 per cent
of the total female population. This finding is in agreement with the results
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obtained in an analysis of the pattern of PPA (Singh and Bhaduri, 1971).
The estimates of m, the live birth conception rate, obtained using distribu-

tion, are 0.715, 0.635 and 0.618, during 5-10, 10-15, 15-20 years of marri-

age duration respectively. In the present survey, the average age of women

at return marriage was found to be 15 years. Thus, the estimated values of

m for groups I, IT and I relate to age intervals 20-25, 25-30 and 30-335 respec-

tively. Accordingly, the estimated asymptotic age-specific marital fertility rates,

2 m
which are approximately > 2 p;, ———— of the above three groups, are
=1 J+mh,

0.344, 0.326 and 0.322 respectively.

It is worth noting that the computed length of interval, based on the data
of the distant past suffers from memory bias (Osman, 1984). Moreover, there
is a chance of underreporting the number of children ever born. The present
approach accounts for intervals of the recent past that are closer to the date
of the survey, and hence may be assumed to be free from the aforementioned
bias. :
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Appendix
1. From the assumptions as given in the model section, it can be shown
that T;(i=1) has a common probability density function Ja/h):
fa/m) = me™th t>p (A1)

and the probability density function of T, fy(t/h):

m

. 0<t=<h
I1+mh

1-F(t/h)
fotth) = ———— = (A2)
U

emth)  t>p

1+mh

where p is instantaneous birth rate, which is the mean of T; (i=1) and F(t/h)
is the distribution function corresponding to the density function f{t/h).
The distribution function of random variable X;(t;,t,), say H;(t/h), is

P [T;=<tN{(T,+T;+...+T)<T}]
Hyt/h) = (A3)
P[T,+T;+...+T) = T]

and thé corresponding density function, say g;(t/h), is

P [(T,+Ty+...+T, ;) <T-] f/h)
gtlh) = (Ad)
. P [T, +T;+...+T) < TJ
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Since Ty, T;, ..., T; are mutually independent, the p.d.f. of Ty+T;+
e +Tl’ say f*i+](t/h)’ is

Fagm) = (m/(1+mh)} A (i, m(-ih)} , ih < t < [¥1h

It

(m/(1+mh)} [A {i,m(t-ih)} - A (i+1, m@-i+1 h)}],
‘ itIlh<t< o (AS5)

and the distribution function, corresponding to f*;, ;(t/h), is given by expres-
sion 3.

II. Moments — when %’is the same for all women in the population, the
% order moment (r= 1) of the random variable X;(t;,2,) about zero is given by

1 r! r (mh)*
EXT] (2,0)/h) = >
Fe (Th) m' |u=0  y
em(TF+1 ) r {m(T-ih) )
- ——— > (r+iud)
i+mh u=o u!
em(T+ih) r {m(T-i-1 h)}*
+ —— 152 (+iu
1+mh u=o0 u!
e‘m(T‘ih) i-2 s r (mh)r-u (m m)k+u+]
+ — =

i+tmh  §=0 k=0 u=0  (kty+I1)! (r-u)!

emTi+1h) 4

i s r (mAW)¥{m(T-1+]1 h)}rtut!
- —_— 2 >0 2=
I+mh s$=0 k=0 u=o (e+u+1)! (r-u)!
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The expression for u;},, the i (r= 1) moment about zero of X;(t;,z,) when
h takes g values hy, hy, ..., hq7 is given by

q
ZZI py F¥i 1 (Thy) EQXjep1) /hy)

= EX] (t1.15) =
q
ZZ? P Fypq (Thy)

IIl. From the assumption, as given in the Estlmatlon section, P; 7=
1,2,... .k, the probability that X;(;,z,) belongs to 7% interval, is given by

2
? F*Z+I(T/hl)Gl(a/hl)
Pij = = forj=1  (A6)
?] F*, (T
a; Isz F*,, 1(T/h) [Gy(ayhy)-G;(a; /h)]
J =
Piy = | gwix =
4.1 2
Z?Pl “i+1 Ty
i=23,....k-1 (A7)
Pip = I-Py-F “Pirr (A8)
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t I 1
Git/h) = § gx/mdx = mh {i-em-h))
h F*,_ (T/h) I+mh
i-1 .
+ emth) { 3= A {s+1, m(T-+i-1 h)}
=0

i
- 22 A (s+1, m(Ttih)}}
s=0

- {le A {s+1, m(T-i+1 h))

s=0
i-1
- 3T A {s+], m(T-in))) | h<t<T-ik
s=0
1 1 i
= mh+ > 2 A {s+1,m(T-i+1 h)}
F* (T/h) 1+mh s=0
i-1 i-1
- Z2 A {s+l, m(T-ih)} + e™th) 3T A (s+1,m(T-t-i-1h)}
S=0 S=0
- el (T h)] ,Tih < t < T--1 h (A9)
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